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1. INTRODUCTION

Merca [1-3] deduced the following expression:

(1) Sk pln—k) =3 (k) S,
k=1 k=1

involving the partition function and Euler’s totient [4-7],
where S, i, is the number of £’s in all partitions of n.
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Similarly [1-3]:
n+1

(2) p(n) = 3 (k) Spi
k=1

with the presence of the Mébius function [4,8,9].

The relations (1) and (2) are remarkable because they con-
nect a function of multiplicative number theory with one
of additive number theory.

The formula (1) for several values of n implies the ex-
pressions:

p(0) = ¢(1)S11,

p(1) = p(1)(S2,1 — 251,1) + ©(2) S22,

p(2) = p(1)(S5,1 — 2521 + S1,1) + ¢(2)(S32 — 2522)
+¢(3) 53,3,

p(3) = (1) (S4,1 — 2531 + S2.1) + ©(2) (Sa2 — 2532 + S22)
+ ¢(3)(S4,3 — 2533) + ©(4)Sa 4.

In fact, here we employ the Z-transform [10,11] to obtain
the inverse relation of (1):

n+1
(3) p(n)= Z (k) (Sn+1.k — 28nk + Sn1k), 1 >0
k=1

because Sy =0,n <m, S,0=0,7>0, Sy =1, t>
2,8;,=1,7>1

Merca [1] also established the property:
(4) Y 9k)p(n—k) =" f(k) Su
k=1 k=1

for an arbitrary arithmetic function f and g(n) = >, f(d).
Here we show that applying the Z-transform to (4) implies
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the following identity for any prime p:

(5)
P I, j=Lp
> ap Sy = . p=2,3,57111,..,
=J O) 2§]§p_1
such that
(6)
0, if j # 2(3m+ 1),
;= _]‘#2( ) m=0,%1,+2,...

2. PROOF OF (3)

The formula (1) can be written as a Cauchy convolution

[4]:

(7) Z k:p(n - k) = Z (p(k) Sn,k =gn, n >0,

0

n n

k=0 k

because ¢(0) = 0; besides, we have that [10]:

(8) Z{k} =2{0,1,2,...} =

thus the Z-transform of (7) generates the relation:

L 1)2
zip(n) =

20} = (= -2+1) 2(0:)

= Z{Qn+1 —2qn + Qn—l}a

which implies (3), g.e.d.
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3. APPLICATIONS OF (4)

(a) Let f be the nontrivial Dirichlet character modulo 4
[12,13]:

n—1
—1)"2, nisodd,
() = xal) = {( b

0, n is even,

(9) I, n=1 (mod4),
=4¢-1, n=-1 (mod4),

0, n=0 (mod?2).

with Jacobi’s identity [14-16]:
1
(10) g(n) = xald) = 272,
dn

where r2(n) is the number of representations of n as a sum
of two squares [12,17,18]. Therefore, equation (4) gives the
following property:
n n
(11) ro(k)p(n — k) =4>  xa(k) S, n>1.
k=1 k=1

(b) Let f = J,, be the Jordan totient function [4], then
g(n) =n™, and from (4) we have:

(12) Y k" p(n—k) =Y Ju(k) S,
k=1 k=1

which reproduces (1) if m = 1.

(c) The application of the Z-transform to (4) implies:

(13) Z{g(n)} = Z{an} Z {Z f(k) Sn,k} :
k=0
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where the relation
-1
(14) Z{p(n)} = (Z{an})
was used, which is generated by MacMahon’s recurrence
relation [19-22]:
(15) Zakp(n—k)zo, n > 1.
k=0

Hence, from (13):

(16> g(n):Zf(d):Zf(])zan—'rsr,j; n>1,

din j=0
for any arithmetic function f. If n is a prime number, then

g(p) = f(1) + f(p), and from (16) the identity (5) follows
immediately.

(d) Let f = eg, then g = e, where e(n) =1 for all n and

co(n) = {O, n ; 2.

Hence, (4) gives the interesting property:

(17)
n—1 n+1

Sna=>_p() == (k) Snp1r . p(n) = Sni11—Sn1.
=0 k=2

(e) Let f =p .. g = ep, thus (4) implies (2).

(f) Let f(n) = |u(n)|, then g(n) = 2*(™ counts the square-
free divisors of n, where w(n) is the number of distinct
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prime divisors of n. Then from (4):

SICIENES L
(18) k=1
= Total number of square-free parts

in all partitions of n.

(g) Let f(n) =1(n) =n and g = o be the sum of divisors
function. Then (4) gives the known formula [20,23]:

n

(19) npn) =Y o(k)p(n—k) = kSup.
k=1

k=1
Remark 1. The expressions (1) and (3) imply the identity:
(20)

—n—l—l—i—Zk (n+1—k)—2p(n—k)+p(n—1-k)), n>0.

Remark 2. If we select f(n) = d(n), the number of divi-
sors of m, then (16) generates the relation:

(21) d(n) = Zan_,«ZSm.
r=1 j=1

Remark 3. From (2) and (3):

n+1 n+1
(22) > ¢(k) (Sns1k — 2k + Sn1k) Zu Stk

where we can employ n = 0,1,2,3,... to obtain ¢p(m) in
terms of u(1),u(2),...,pu(m), m =1,2,3,..., in complete
harmony with the known expression [4, 14—16]:

(23) o(m) =Y u(d) =
dlm
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4. CONCLUSIONS

Our work shows that the Z-transform is a useful tool to
study relations involving arithmetic functions. In partic-
ular, its application to the results obtained by Merca [1]
allows us to derive the explicit property (3) for the parti-
tion function p(n) in terms of Euler’s totient function, as
well as the identity (5) for pentagonal numbers.

ACKNOWLEDGMENTS

The authors are thankful to Harshkumar Makwana, work-
ing as an Assistant Professor at A D Patel Institute of
Technology, CVM University, and as a Research Scholar at
Sardar Patel University, Vallabh Vidyanagar, for Typeset-
ting in LaTeX.

REFERENCES

[1] M. Merca, A note on a classical connection between partitions and
divisors, Ann. Acad. Rom. Sci. Ser. Math. Appl. 15 (2023), no. 1-
2, 163-174.

[2] B. E. Sagan, Rooted partitions and number-theoretic functions,
The Ramanujan J. (2023), arXiv:2310.19098v1 [math.NT].

[3] M. Alegri, J. Prajapati, and J. Lépez-Bonilla, On the Merca’s
connection between the partition function and Fuler’s totient, Rev.
Sergipana de Matematica (REVISEM, Brazil) 9 (2024), no. 3,
136-143.

[4] R. Sivaramakrishnan, Classical Theory of Arithmetic Functions,
Marcel Dekker, New York, 1989.

[5] L. Euler, Theoremata arithmetica nova methodo demonstrata,
Opera Omnia 1.2 (1915), 531-555.

[6] R. Sivaramakrishnan, The many facets of Euler’s totient, Nieuw
Arch. Wisk. 8 (1990), 169-187.

[7] R. Sivaraman, J. Lopez-Bonilla, and S. Vidal-Beltrén, Partitions
and Euler’s totient function, Bull. Math. Stat. Res. 11 (2023),
no. 3, 13-15.

[8] A.F.Mobius, Uber eine besondere Art von Umkehrung der Reihen,
J. Reine Angew. Math. 9 (1832), 105-123.



320

M. Alegri, J. Prajapati, T. Kim and J. Lopez-Bonilla

[9] N. Chen, Mdbius Inversion in Physics, World Scientific, Singapore,
2010.

[10] A. Grove, An Introduction to the Laplace Transform and Z-
transform, Prentice-Hall, London, 1991.

[11] J. L. Schiff, T. J. Surendonk, and W. J. Walker, An algorithm for
computing the inverse Z-transform, IEEE Trans. Signal Process.
40 (1992), no. 9, 2194-2198.

[12] E. Grosswald, Representations of Integers as Sums of Squares,
Springer-Verlag, New York, 1985.

[13] J. Gao and H. Liu, Dirichlet characters, Gauss sums, and inverse
Z-transform, Abstr. Appl. Anal. (2012), Article ID 821949, 9 pp.

[14] L. Niven and H. S. Zuckerman, An Introduction to the Theory of
Numbers, John Wiley & Sons, New York, 1960.

[15] G. H. Hardy and E. M. Wright, An Introduction to the Theory
of Numbers, Clarendon Press, Oxford, 1979.

[16] P.J. McCarthy, Introduction to Arithmetical Functions, Springer-
Verlag, New York, 1986.

[17] C.J. Moreno and S. S. Wagstaff Jr., Sums of Squares of Integers,
Chapman & Hall / CRC, Boca Raton, FL, 2006.

[18] G. E. Andrews, S. K. Jha, and J. Lépez-Bonilla, Sums of squares,
triangular numbers, and divisor sums, J. Integer Seq. 26 (2023),
Article 23.2.5.

[19] R. Vein and P. Dale, Determinants and Their Applications in
Mathematical Physics, Springer-Verlag, New York, 1999.

[20] T. J. Osler, A. Hassen, and T. R. Chandrupatla, Surprising con-
nections between partitions and divisors, Coll. Math. J. 38 (2007),
no. 4, 278-287.

[21] J. Malenfant, Finite, closed-form expressions for the parti-
tion function and for FEuler, Bernoulli and Stirling numbers,
arXiv:1103.1585v6 [math.NT], 2011.

[22] D. Birmajer, J. B. Gil, and M. D. Weiner, Linear recur-
rence sequences and their convolutions via Bell polynomials,
arXiv:1405.7727v2 [math.COJ, 2014.

[23] P. Flajolet and R. Sedgewick, Analytic Combinatorics, Cam-
bridge University Press, Cambridge, 2008.



On a certain relationship between Euler’s totient and partition function

UNIVERSIDADE FEDERAL DE SERGIPE, BRAZIL
Email address: malegri@academico.ufs.br

DEPARTMENT OF MATHEMATICS, SARDAR PATEL UNIVERSITY, VAL-
LABH VIDYANAGAR, GUJARAT 388 120, INDIA
Email address: drjyotindral8@spuvvn.edu

DEPARTMENT OF MATHEMATICS, COLLEGE OF NATURAL SCIENCES,
KWANGWOON UNIVERSITY, SEOUL 139-701, REPUBLIC OF KOREA
Email address: tkkim@kw.ac.kr

ESIME-ZACATENCO, INSTITUTO POLITECNICO NACIONAL, EDIF.
4, 1ER. P1so, CoL. LiNnpavisTA CP 07738, CDMX, MEXICO
Email address: jlopezb@ipn.mx

321



